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Identities Cont. Trees
n+1 n|(k [k k "1k T n T+ k Every tree with n
L 5 [ S R et 3T R
- - edges.
n n\ [ k+1 n n+1
40. = —1)nk 41. = 1™k, i
o {2} R o -S| B
k - . ity: If the depths
4. {m+n+1}:2k{n+k} 43. [m+n+1] Zk )[n+k] of the leaves of
m = EJ = k |'| a binary tree are
n n+1)[k n n+1] [k di,...,dn:
44. = —1)m=k 45, (n —m)! = -1)mk forn > n
O L 9B D L IV
n m—n\(m+n\[m+k n m—n\(m+n\[m+k i=1 -
46. = , 4T = ,
P b 0Y AT 0 11 A PR £ ] F [ V0 LK | S
n {+m k)l (n—k)(n {+m k][n—k]/n only if every in-
S8 PR Qi R Of 51 (4 S P [l o o1 1 (9 IR e
k k sons.
Recurrences
Master method: Generating functions:
T(n) =aT(n/b)+ f(n), a>1,b>1 L(T'(n) — 3T (n/2) = n) 1. Multiply both sides of the equa-
— O(nlogya—¢ 3(T(n/2) — 3T (n/4) = n/2) tion by z.
gjﬂé > 0 such that f(n) = O(n'*7) 2. Sum both sides over all ¢ for
’ Tn) =0 (nlogb 2) : : : which the equation is valid.
- ’ glogy n—1 (T(2) - 3T(1) = 2) 3. Choose a generating function
If f(n) = ©(n'°8:®) then ] ) G(z). Usually G(z) = Y500 @' gi.
T(n) = O(n'°® % log, n). Let mt ;(10)82 ”émgqu(fln)mlnth(he)’ lefgjlde 3. Rewrite the equation in terms of
we ge n) — = T(n) — = . .
If 3e > 0 such that f(n) = Q(n'% *7), | 7(n) _ nk where k = log, 3 ~ 1.58496. | tshi gefergzni function G(a).
and 3c < 1 such that af(n/b) < cf(n) Summing the right 51de we get s powelor D). .
for large n, then 1 5. The coefficient of z* in G(z) is g;.
’ Example:
T(n) = O(f(n)). Ngip p
(n) = O(f(n)) 2y Z o =204 1 gy 0.
Substitution (example): Consider the .
following recurrence Let ¢ = 5. Then we have Multiply and sum: . .
Tiq =22 T2, T, =2. ol o1 D gzt =) 2gt + ) ot
¢ i n c'=n ( 1 ) i>0 i>0 i>0
Note that T; is always a power of two. i=0 o R .
Let t; = log, T;. Then we have _ 2n(01052 n_1) We choose G(z) = Zizo z'g;. Rewrite
tir = 2+ 2, t=1. (1) tog.n in terms of G(z):
= 2n(c B — 1) G(z) — g0 —2G(z)+Zzi
Let u; = t;/2¢. Dividing both sides of — 9k o z - =~ '
the previous equation by 2! we get ’ =
tipn 20t and so T'(n) = 3n* — 2n. Full history re- | Simplify:
i+l — 9ifl ' 9i- currences can often be changed to limited G(z) =2G(z) + 1 .
Substituting we find history ones (example) Consider T -z
U1 = 3 +ug, u =1, T.=1 +Z Ty=1 Solve for G(z): .
which is simply u; = i/2. So we ﬁnld J=0 Gle) = (1-z)(1-2z)"
x L 9i2'T
that Tf has the closed form T; = 2 L Note that . Expand this using partial fractions:
Summing factors (example): Consider i b 1
the following recurrence Tita=1+ ZTJ'- G(z)== (ﬁ 1=
T(n) = 3T(n/2)+n, T(1)=1. =0 o o
Rewrite so that all terms involving T Subtracting we find —z(2 Z iyt _ Z t
are on the left side Tin —Ti=1+ ZTJ 1 z T i>0 i>0
T(n) — 3T (n/2) = n. ) )
I= =) (@* —1)zi
Now expand the recurrence, and choose =T;. i>0
a factor which makes the left side “tele- i1 .
scope” And so Tjyq1 = 27; = 2'H1. Sogi=2"-1.
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™~ 3.14159, e~ 271828, y ~ 057721, ¢ = 115 ~ 1.61803, ¢ =155 ~ —61803
i 21 Di General Probability
1 2 Bernoulli Numbers (B; =0, odd i # 1): Continuous distributions: If
— __1 _1 _ 1 b
2 3 Bo=1,Bi==3, B =5 Bi=—5, Pr[a<X<b]=/p(z)dz,
3 8 5 Bs = 45 Bs = —55, Buo = g5- ) o da )
4 16 7 Change of base, quadratic formula: then p is the probability density function of
5 32 11 log, = —b+ Vb2 — dac X1
log, x = ) Ea % 27 Pr[X < a] = P(a),
6 64 13 , 8o . ¢ then P is the distribution function of X. If
7 128 17 Euler’s numbf’f “ P and p both exist then
e=1+l4lyp Ly Loy . a
8 256 19 27§ x24" 120 Pla) = / p(z) da.
9 512 23 lim (1 + 7) — e oo
10 1.024 29 n;»oo" n Lyntl Expectation: If X is discrete
’ 1+ " <e< (144
1 2,048 31 (1+3)" <e<(i+3) Elg(X)] = 3 g(2) Pr[X = a].
12 4,096 37 1+ =e——+ 116—0<i> e
’ n 2n  24n? nd )’ If X continuous then
13 8,192 41 Harmonic numbers: Elg(X)] = e (2)p(z) dz = * (z) dP(z)
14 16,384 43 1B 1L 25 137 49 363 761 Tizn SN | Fpm = | gk
15 32,768 47 P76 12 607 207 07 2807 29200 Variance, standard deviation:
16 65,536 53 Inn < H, <Inn+1, VAR[X] = E[X?] - E[X]%,
17 131,072 59 _ ./
H"=1nn+'y+0(l>. o = v/ VAR[X].
18 262,144 61 n For events A and B:
19 524,288 67 Factorial, Stirling’s approximation: Pr[AV B] = Pr[A] + Pt[B] — Pr[A A B]
20 1,048,576 71 1, 2, 6, 24, 120, 720, 5040, 40320, 362880, . . . Pr[A A B] = Pr[A] - Pr[B],
21 2,097,152 73 n 1 iff A and B are independent.
n
1=+/2 - 1+0(=)).
22 4,194,304 79 n ™ ( e) ( <">> Pr{A|B] = Prf[’A gB}
23 8,388,608 83 Ackermann’s function and inverse: . r[B]
24 16,777,216 89 oi i=1 For random variables X and Y:
25 33,554,432 97 a(i,j) =< a(i —1,2) j=1 E[X - Y].= E[X]-E[Y], .
2 67.108.864 101 a(i — 1,a(i,j — 1)) 4,j>2 if X and Y are independent.
27 134,217,728 103 a(i) = min{j | a(j,j) > i}. E[X +Y] = E[X] +E[Y],
X] = X].
28 268,435,456 107 Binomial distribution: E[eX] = cE[X]
29 | 536,870,912 109 n\ g ek Bayes’ theorem:
i PrlX = k] = (k)p "%, q=1-p, Pr{Ai|B] = Pr[B|A;] Pr[A;]
| e | " W L P P(BIA]
3 ,147,483,648 E[X] = Z k <k>pkq"_k = np. Inclusion-exclusion:
32 | 4,294,967,296 131 = n n
Pascal’s Triangle Poisson distribution: Pr [ VXi] = ZPF[XJ +
e A\k i=1 i=1
1 Pr[X = k] = o EX] = A n k
. kt+1
11 Normal (Gaussian) distribution: 2(71) Z Pr [ /\ Xii]‘
121 1 ¢ 12 /207 k=2 B < j=1
= /* T—U o’ X = . . e .
1331 p(z) \/ﬂge , EX]=p Moment inequalities: .
14641 The “coupon collector”: We are given a Pr[|X| > AE[X]] < %
1510105 1 random coupon each day, and there are n 1
different types of coupons. The distribu- Pr [|X — E[X]‘ >A- a] < =.
1615201561 . . A A2
tion of coupons is uniform. The expected G ic distribution:
172135352171 number of days to pass before we to col- eometrlci 1]:1:11 UISI_OIH. B
1828567056288 1 lect all n types is PrX =k]=¢""'p, q=1-p,
> 41
19368412612684369 1 nH,. E[X]= kpgt 1 = 1.
11045 120 210 2522101204510 1 k=1 P
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Trigonometry

Matrices

More Trig.

Multiplication:

n
C=A4-B, cij=) airb;.
k=1
Determinants: det A # 0 iff A is non-singular.

det A- B = det A -det B,

detA=3" ﬁ SIgN(T) i (i) -

Pythagorean theorem: ™ i=1
C? = A% 4 B2, 2 x 2 and 3 x 3 determinant:
a b
Definitions: ¢ d ‘ =ad — be,
sina=A/C, cosa= B/C, b
a ¢
csca=C/A, seca=C/B, d N a c| .la b
e fl=yg —h +1
sina A cosa B o e f d f d
tanazizg, cota:,izz. 9 ¢
cosa sina B aci+ bfg + cdh
Area, radius of inscribed circle: = — ceg — fha — ibd.
1 AB .
1AB, —————. Permanents:
2 A+B+C n
Identities: perm A = z H i,m(i)-
] 1 n_i=1
ST = s’ COST = o’ Hyperbolic Functions
tanz = , sin?z + cos?z =1, | Definitions:
cot x b et —e % b e’ e *
sinhz = ——— coshz = ————
1+ tan® z = sec? z, 1+ cot?z = csc? 2 7 2 7
e —e™® 1
. x . . tanhr = ———, csche = ——,
sinz = cos (3 — ), sinz = sin(r — z), e¢1+e < sinh z
seche = —— cothe = ——.
cosz = — cos(m — ), tanz = cot (X — ), coshz’ tanh z
cotz = — cot(m — ), cscx = cot § — cotx, Identities:

sin(z £ y) = sinzcosy £ coszsiny,

cos(z +y) = coszcosy Fsinzsiny,

tan(z £ y) =

cot(z £y) =
sin 2z = 2sinz cos z,
cos2z = cos’ & — sin? z,
cos2z =1 — 2sin’ z,

2tanz
tan2z = ———,
1—tan“z

tanz + tany
1Ftanztany’
cotzcoty F1
cotx £ coty ’

2tanx
14 tan?z’
cos2z = 2cos’z — 1,

sin2z =

9 1—tan?z

cos2e = ———

1+ tan?z’

cot’z —1

cot2x = —,
2cotz

sin(z + y) sin(z — y) = sin z — sin’ y,

cos(z + y) cos(z — y) = cos® x — sin’ y.

Euler’s equation:

e =cosz +isinz,

e =-1.

cosh? z —sinh’z = 1,
coth?z — csch?z = 1,

cosh(—z) = coshz,

tanh® z + sech®z = 1,
sinh(—z) = —sinhz,

tanh(—z) = —tanhz,

sinh(z + y) = sinh z coshy + cosh z sinh y,

cosh(z + y) = coshz coshy + sinh z sinh y,

sinh 2z = 2sinh z coshz

)

cosh 2z = cosh? z + sinh® z,

coshz + sinhz = e*,
(coshz + sinh )™ = cos

2sinh? 5 =coshz —1,

coshz —sinhz =e™ %,

hnz + sinhnz, n€Z,

2 cosh? 5 =coshz +1.

©1994 by Steve Seiden
sseiden@acm.org
http://www.mpi-sb.mpg.de/ seiden
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... in mathematics
you don’t under-
stand things, you
just get used to
them.

— J. von Neumann

c

A ¢
Law of cosines:
¢ = a’>+b*>—2abcos C.

Area:

A= %hc7

Jabsin C,

c?sin Asin B
2sinC

Heron'’s formula:

A=./5"8,"8p " S,

s=3(a+b+c),

Se=8—a,
sp=8—0b,
Se=8—c.

More identities:

e 1—cosz
sin § = —3
1+ cosz

=\ —
tan £ = 1—cosz
27 V14 cosa’

1—coszx

sinz
sinz

1+cosz’

z
cos 3

14 cosx
1—cosz’
1+cosz

sinz
sinz

z
cot 5 =

"~ 1—cosz’
iz _ iz
2

61,:1} + e—lm

—

eie

sinz =

cosT =
_ e—ia:
I—,

e’LE + e—’LE
'6211 -1
N
sinh iz

tanz = —

sing =

—
i

cosz = coshiz,
tanhiz

tanz = -
i
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Number Theory

Graph Theory

The Chinese remainder theorem: There ex-
ists a number C such that:

C =r; mod my

C =r, mod my,

if m; and mj are relatively prime for i # j.

Euler’s function: ¢(z) is the number of
positive integers less than z relatively
prime to z. If [];, p{* is the prime fac-

torization of z th(an

o() = [[ o~ - D).

Euler’s theorem: If @ and b are relatively
prime then
1=a?® mod b.

Fermat’s theorem:

=a’"! mod p.

The Euclidean algorithm: if @ > b are in-
tegers then
ged(a, b) = ged(a mod b, b).

If TT;_; p§’ is the prime factorization of =
then

noeit1

“rt -1

Sy =3 d= %
dlz i=1 pi

Perfect Numbers: z is an even perfect num-

ber iff z = 2"71(2" —1) and 2" —1 is prime.

Wilson’s theorem: n is a prime iff
(n—1)!'=—1mod n.

Mobius invlersion: .

ifi=1.
(3) = 0 if i is not square-free.
o= (=1)" if 4 is the product of
r distinct primes.
If
Gla) =) F(d),
dla
then o
Fla)=Y u(d)G(E).
dla

Prime numbers:
Inlnn
pp=nlnn+nlnlnn—n+n

n
O(R)’

()_L+ n . 2ln
= Inn ~ (Inn)?2  (Inn)3

+O((1nnn)4>'

Inn

Definitions: Notation:
Loop An edge connecting a ver- E(G) Edge set
tex to itself. V(G) Vertex set
Directed Each edge has a direction. ¢(G)  Number of components
Simple Graph with no loops or G[S]  Induced subgraph
multi-edges. deg(v) Degree of v
Walk A sequence vpeqv; . .. €gvy. A(G) M.ax'lmum degree
Trail A walk with distinct edges. | 9(G) ~ Minimum degree
Path A trail with distinet | Xx(G) ~Chromatic number
vertices. xe(G) Edge chromatic number
Connected A graph where there exists G* Complement graph
a path between any two Ky Complete graph
vertices. Ky, n, Complete bipartite graph
Component A  maximal connected r(k,£) Ramsey number
subgraph. Geometry
Tree A cormec.ted acyclic graph. Projective coordinates: triples
Free tree A tree with no root. (2,1, 7), not all &, y and 2 zero
DAG Directed acyclic graph. 2Y: %) Y .
Eulerian Graph with a trail visiting (2,y,2) = (cx,cy,cz) Ve#0.
each edge exactly once. Cartesian Projective
Hamiltonian Graph with a cycle visiting (z,y) (z,y,1)
each vertex exactly once. y=mz+b (m,—1,b)
Cut A set of edges whose re- r=c (1,0, —c)

moval increases the num-
ber of components.

Cut-set A minimal cut.

Cut edge A size 1 cut.

k-Connected A graph connected with
the removal of any k& — 1

vertices.

k-Tough VS C V,S # 0 we have
k-c(G-9)<]|S].

k-Regular A graph where all vertices
have degree k.

k-Factor A k-regular  spanning
subgraph.

Matching A set of edges, no two of
which are adjacent.

Clique A set of vertices, all of
which are adjacent.

Ind. set A set of vertices, none of

which are adjacent.

Vertex cover A set of vertices which
cover all edges.

Planar graph A graph which can be em-
beded in the plane.

Plane graph An embedding of a planar
graph.

Z deg(v) = 2m.
veV
If G is planar then n —m + f = 2, so
f<2n—-4, m<3n-—6.
Any planar graph has a vertex with de-
gree < 5.

Distance formula, L, and L
metric:
(x1 = 20)? + (y1 — ¥0)?,

[lex — o[ + ly2 — ol?]"/”,
li P e p]1P
Jm [lz1 — zol” + 1 — wol?]™*.
Area of triangle (zo,y0), (1,¥1)
and (22,y2):
T — Zo
T2 — To

Y1 — Yo
Y2—Yo |
Angle formed by three points:

1
5 abs

(2, 92)
Ly
[4
0,00 & (z1,m)
_ (z1,41) - (%2, 92)
cosf = A .

Line through two points (2o, yo)
and (z1,y1):

z y 1
zo Yo 1[=0.
oy 1
Area of circle, volume of sphere:
A=7r?, V= 4§7rr3.

If I have seen farther than others,
it is because I have stood on the
shoulders of giants.

Issac Newton
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T Calculus
Wallis’ identity: Derivatives:
2.2.4-4-6-6---
T2 s 1, dew) _ duto) _du dv oy duww) _do ) du
, . . . ode T Tda’ Y ode T dr d’ Y de T dr da’
Brouncker’s continued friazctlon expansion: . ) n_ld_u ; dlufv) v(%) B u(%) ] dlev) cem_u
§=1+2+ E Todr dz’ Todr v2 ’ odr dz’
[
v d(c*) du d(lnu) 1du
T+ 7. pra (lnc)c"d—, o
Gregrory’s seriels: oL d(z | o o ) . v
E=1—z4z—24z—--- S u U cosu .
1 3TE 773 . = cosu— . = —sinu—
Newton . 9 e (‘osudz, 10 e smud:ﬂ7
ewton’s series:
" 11 ditanw) _ sec? ud—u 12 d(cotu) _ csc? ud—u
SR U SRS ¥ B @ TE S a
$ 2 2:3.22 2459 13 d(secu) du 14 d(cscu) du
Sharp’s series: YT de tanu secu T cotu scu
. 1 1 1 1 15 d(arcsinu) 1 du 16 d(arccosu) -1 du
E:ﬁ(1731.3+32.57 3.7+"') odr  V1-u?ds’ CodeVIoude
Euler’s series: 17. d(arctanu) __1 du 1s. d(arccot u) _ -1 du
dzx 1—wu?dz’ dz 1—wu?dz’
2
E=htwmtEtatat 19 d(arcsecu) 1 du 20 d(arccscu) -1 du
T =htdtatatit T dz uy/1—u? do’ A uy/1—u? dz’
%ZTIT*EIT+§17*4‘17+§1'I* 21.M=coshud—u, 22.M=sinhud—u,
dz dz dx dx
Partial Fractions d(tanhu) du d(cothu) du
23. = sech®u—, 24, =——~ = _csch®u—,
Let N(z) and D(z) be polynomial func- dz S i dz SN e
tions of z. We can break down d(sechu du d(ceschu du
N(z)/D(z) using partial fraction expan- 25. % = —sechu ta_nhua, 26. % = —cschu cothua,
sion. First, if the degree of N is greater i
than or equal to the degree of D, divide 27. darcsinhu) 1 du 28. dlarccoshu) 1 du
N by D, obtaining dz V1+u?de’ dz Vuz —1dz’
N(z) _ N'(z) d(arctanh u) 1 du d(arccoth u) 1 du
) ~ ¥ Dy e S 0 Tw i
where the degree of N” is less than that of 31 d(arcsechu) -1 du 32 d(arccschu) -1 du
D. Second, factor D(z). Use the follow- : dz T a2 ds’ : dz T uVItu? dr’
ing rules:N F(‘(;r) a non—re;;{eated Jf\zfilc(t;))r: Integrals:
(z-a)D(x) z—a D(z)’ 1. /cud:t:c/udz‘, 2. /(u+v)dax=/udz+/vdz7
where
1 1
A= [N(z):| 3. /z"dz: " on £ -1, 4. /—d:c:lnz7 5. /e“‘d:c:e“”7
D(z)],—, n+1 T
. d:
For a repeated fa(;iorl. 6. / 1722 +z 5 = arctanz, 7. /u%dz =uv — /Ujﬁdz7
N(z) Z_ Ap N'(z) x o
= +
— —a)m—k ’
(# —a)mD(z) k=0 (@ —a)m D(2) 8. /sinzdz = —cosz, 9. /coszdz =sinz,
where

Ay = % [% (%)]:

The reasonable man adapts himself to the
world; the unreasonable persists in trying
to adapt the world to himself. Therefore
all progress depends on the unreasonable.
— George Bernard Shaw

10. /tanzdz = —In|cosz|,

12. /seca:d:c =In|secz + tanz|,

14. /arcsin 2dr = arcsin £ 4 V/a? — 22,

11. /cotz'ciz'=1n|cos:c\7
13. /cscacdac=1n|cscac+cotar\7

a>0,
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15.

17.

19.

21.

23.

25.

26.

29

33.

36.

38.

40.

42.

43

/arccos%dz =arccos 7 — Va2 —z%, a>0, 16. /arctan 2dz = zarctan T — %ln(a2 +2z%), a>0,
/sin2(az)dz = o (az — sin(az) cos(az)), 18. /cosz(az)dz = 3 (az + sin(az) cos(ax)),
/seczzdz =tanz, 20. /csc2 zdr = —cotz,
sin" ! zcosz -1 cos" tzsinz -1
/sin"zdz = L/sin"’zzdz, 22. /cos“zdz =—+4 n=- cos" 2 zdr,
n n n n
tan™ "t g cot""lz
/tan"zdz:—lf/tan"’:’zdz, n#l, 24. /cot"zdz=f—17/cot"’2zdz, n#l,
n— n—

n—1 n

" cotzesc®lz n
csc"zder = —————— +

n—1 n—

tanzsec” 'z n—2
/sec"zdz =——+ /sec”’2zdz, n#1,

1

1 /Csc”’zzdz7 n#l, 27, /sinha:dz:cosha:7 28. /coshzdz:sinhz,

E /tanhzdz =1In|coshz|, 30. /cothzdx=1n|sinhz|, 31. /sechzd:c:arctansinhx, 32. /cschzd:c:ln‘tanhﬂ,

/sinh2 zdz = }sinh(2z) — 3z,

/ arccosh 2dz =

=ln(z+ az+zz)

/ dx

) Va? + z?
dr

/a2+—z2 =Zlarctan2, a>0,

/(a2 — 22y de = Z(5a° — 227)

_ sz
=arcsin?, a>0,

/dz
Ve 2

T 2
. /\/azizzdx=§\/a2:tzzi%
dz 1 T
8. ==1
/az2+bz ana+bz’

. /Mdz:2\/a+bz+a/
T
/«/az—:ﬂ
. sz:

a?—z? —aln

/arcsinh 2dr = zarcsinh £ — /22 +a?, a>0,

T
zarccosh — — v/z? +a?, if arccosh i >0 and a >0,
a

1 x
N 51 [ % = —_p|Yetoz—ve
va + bz > /\/a+bz V2 " Va+br ++/a

34. /cosh2 zdz = }sinh(2z) + iz, 35. /sech2 zdr = tanhz,

37. /arctanh Ldy = warctanh £ + ¢1n|a® — 2|,

T
zarccosh — + v/a? +a?, if arccosh 7 <0 and a >0,
a

, a>0,

2
2 _ 22 gy — 2 _ 2 i
41. /\/a -z da:—%x/a —2? + Sarcsin2, a>0,
a2712+¥arcsin§, a>0,
dr 1
44. ——=—1In
/azfac2 2a

1n‘z‘+\/a2izz|,

a+x
a—7z

45 dx _ T
k )o@ 2232 T @2 a2
=1n|$+\/z2—a2|, a>0,

2(3bx — 2a)(a + br)*/?
15b2 ’
1 | Yat bz —\/a

dz
47. —_—
/\/1‘27112
49. /1\/@+bzdz=

, a>0,

a+Vva?—z?
T

s 53. /z\/a2—z2dz=—§(a2—22)3/2,

. dz a++va® —z?
. /z21/a2_z2dz=§(21;2_a2) a2_x2+“8:ar051n%, a>0, 55. /\/112sz =-1imn . s
zdr z° dz 2
- = 2 _ g2 —_— = _Z 2 _ p2 a_ in L
. = vaz—z?, 57. / =% a® —2? + S arcsin a>0,

N
_/ﬂ_ﬂdzqurﬂz,am
z
. /.’L‘\/.’L‘Qille.’E: %(z2ia2)3/2,

a+ Va2 + z? V2 — a?
— = | 59. -/sz:\/:v2fazfcr,arccosﬁ7 a>0,

k]

61 / e _1y z
) awvB @ ¢ |a+ Vet
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d JEZE a2
62. /#:%arccosﬁ, a>0, 63./ z = $2 a ,
R —@ z2y/2% £ a? a’z
64. zdz ,712 P 65. / V2t a? o= (22 + a2)3/?
,/z2 j:a2 zl 3a223
1 2ax + b — /b2 — 4ac 1o
n , if b* > 4ac,
66 / dx _ Vb2 —4dac  |2ax + b+ /b2 — dac
") e +br+c 2 2az + b
arctan , if b < dac,
V4ac — b2 V4dac — b2
1
%ln|2(w+b+2\/5\/az2 +bar:+c|7 ifa >0,
67. /,/72 =1 1 —2az — b
az® + bz +c ——— arcsin ————— ifa<0
V- B2 — dac’ ’
20z +b — b2
68. /\/az2+bz+cdz— v az? +br +c+ daz /
\/az'2 For+c
69 / zdz _Var’*+bzr+c /
: VazZ +br +c a a ) Vaz® bz +c
3
" 71 2/cVax +bz+c+bz+2c’ ife>0,
T
7&/______=
zvazr? +bx +c 1 . bz + 2¢ fe<o
—— arcsin ————, ifc<0,
V—c |z|v/b2 = 4ac
71. / Va2 +a?de = (3o —7(12)(12+a2)3/2,
72. /z" sin(az) dz = — 12" cos(az) + 2 /z"’l cos(az) dr,
73. /:1:" cos(ax) dz = 12" sin(az) — %/x"’l sin(az) dz,
74. /z"e” de="°%_ %/z"“le“ dz,
a
n n+1 In(az)
75. [ z"In(az)dr =z
n+1
zntl
76. /z"(lna:ﬂ)"‘ dr = (Inaz)™ / (Inaz)™ ' dz.
n+1
! = L = z!
22 = 22+ gt = 22—zt
3 = 23 + 322 + 2t 23 — 3z% + 2!
zt= 7t + 622 + T2 + 2t 2% — 62° + T2 — 2t
25 = 2%+ 152 + 2523 + 1022 + 21 75 — 1521 4 252° — 1022 + 2!
2l = x il = z!
z? = z? + gt 72 = 72 — 2!
3 = 23 + 322 + 22! 73 = 23 — 322 + 22!
zt = z* 4 62% + 1122 + 62! zt = zt — 6% + 1122 — 62'
25 = 25+ 102" + 352% + 5022 + 242! 25 = 25— 102" + 352% — 5022 + 242!

Difference, shift operators:

Af(z) = fz+1) - f(2),

Ef(z) = f(z+1).
Fundamental Theorem:
f(=) @Zf Yoz = F(z) + C.

Zﬂmh=£ﬂn

Differences: -
A(cu) = cAu, Au +v) = Au+ Av,
A(uv) = uAv + EvAu,
A(z2) = ng !,
A(H,) = 2=, A(27) =27,
A(c®) = (¢~ De?, Ad) = (2
Sums:

> cudzr =c) udz,
S(u+v)ér =Y udz+ ) vér,
> uAvér =uv — ) EvAudz,

San (5z—m+1, Sa=téz=H,
Yo =5, X () 0z = (,5)
Falling Factorial Powers:
22=z(z—1)---(z—n+1), n>0,
=1,
1
=, <0,
e )@y "
™ — g (g ),
Rising Factorial Powers:
=z +1)---(z+n-1), n>0,
20 = 1,
= 1
z" n <0,

T D))

2" = g™ (z + m)™.

Conversion: B B

= (-1)"(-z)"=(z—-n+1)"
=1(z+1)7",

"= (-1)"(—z):=(z+n— 1)
=1/ - 1=,

M+ IM:

ko

(he-glihor=

(1] o

[+

8
[
Il

=

||

-

8
3
I
B

=~
Il
—
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Taylor’s series:

1@ = 1@ + @ - @+ E5 L@ =y B2

Expansions:

sinz
cosT
tan” "z
1+z)"
(1—z)ntt

z
et —1

1
2z

1

V1-—4dz

2z

Fux

—(1—+/1—4z)

1 (lfm

=l+o+a?+a3+at+---

1— (Fuo1 + Fop1)z — (-1)"a?

o0
=l+cz+cz®+S 3+ - =Zcizi,
=0
=1+2"+2"+ 2% + .- =2:z"’7
1;)0
=+ 2% +32° + 42 + - - =Zi$',
i=0
=Z+2n$2+3"23+4"1‘4+---= in 17
i=0
1,2, 1.3 o~z
=l+a+ie?+ iz +.. :.Zi_!’
zD:OO v Zi
:17%5"'24“%1'37}1’1‘4*"' :Z(il)l+177
i=1
=z+z2°+ 52+t = 7
i=1
1,8, 1,5 1,7 = 2
=z gt gt e e =;(* Qi
1.2, 1,4 1.6 - ; o
— — k3
=1-g52°+ gz* — gz +--- 72(71)®,
o0 2i+1
- 1,3 1,5 1.7 _ i T
=z —32° + 32’ — gz’ 4 72(71) 2D’
z;) . '
=1+4nz+ 2002 :Z(i)z’,
= i+n
=1+@m+lz+ (") 4+ =) ; )z@
foﬁB-x’
— 1 1.2 1 .4 _ i
=1—352+ 357" — 552" + - —Z )
Z;’O 1 24
=1 222 + 523 + - -- = i
+x+2z° +5z° + ;iJrliz’
2 3 o (20
=1l+z+2z°+62° +--- =z i z°,
" = 2i+n
) 14 @) ()R 4 =z( Z, )z
i=0
o0
=z+322+ Uad+ Bty =) Ha,
i=1
oo
H; _,z*
=i+ 358 + Lot 4 =y 'il )
i—2
o
=z +az®+22% + 32" +--- =2Fizi,
i=0
=Foz+ Fppa? + Fpz® + -+ =) Fya'

Ordinary power series:

Az) = i a;z'.
=0

Exponential power series:

o i
Az) = Zaiﬁ.
i=0 :

Dirichlet power series:
. a
i
Az) = =
i=1
Binomial theorem:

" /n ~
(I +y)" — z (k>zn kyk.
k=0
Difference of like powers:

n—1
e~y = (z—y) zzn—l—kyk.

k=0

For ordinary power series:

aA(e) + BB(z) = ) _(aa; + Bb))a’,
i=0

[ee)
zk A(x) = Zai,kz’,
i=k

Alz) - Y4 ai i ;
—_— . = it kT,
=0

zk

oo
Afez) = z ctaat,
=0
oo

Al(z) = Z(z + Va2,

=0
ad .
zA'(z) = Ziaiz',
i=1
x . »
/A(.’L') dr = Z 11—,711’,
i=1
A(z) + A(==) i 2i
— T =) _ 2T,
2 i=0
A(z) — A(==) i 2041
— Y =) _ G127 .
2 =0

Summation: If b; = Zj.zo a; then

B(z) = ﬁA(z).

Convolution:
o i

A(z)B(z) = z ajbi—; | o'
i=0 \ j=0

God made the natural numbers;
all the rest is the work of man.
— Leopold Kronecker
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Escher’s Knot

Series
Expansions:
1 1 ket n+i
i =Y (Hui— H) ("),
(1 —az)ntt "1 e ;( + )< i )z
" = Z [n] z’,
par
1 \" = [i]nlz
1 =
. i
o : .
221(221 _ 1)32_1,21—1
— ) L e St S
tanx Z( ) @
i=1
1 _ 1)
@ =25
1
¢(x) = ,

where d(n) = 374, 1

. S(i exists. If a < b < ¢ then
C@)¢(z —1) =Y ;) where S(n) = ¥y, d,
=1 / G(z) dF (z / G(z)dF(z) / G(z)dF(z
2277 Bon|_on
¢(2n) = @n)! , neEN, If the integrals involved exist
b
z _i(_l)m (4" — 2)By;z™ / (G(z) + H(z / G(z)dF(z / H(z)dF(z
sinz pard (2i)! ’
1-—/T—4z\" _in(2i+n—l)!i /G /G )dF (z /G ) dH (z),
2z T T imry
00 9i/2 iy i /(‘G()sz) /G(z (¢ F(z —c/G )dF(z),
T 2'/"sin 4 i a
e’sinz = —
=1 / G(z)dF(z) = G(b)F(b) — G(a)F(a) — / F(z) dG(z).
1-vi-=z Z = 117 If the integrals involved exist, and F possesses a derivative F' at every|
z 161V2 21 +1)! point in [a, ] then
arcsinz > > 4’1'2
bl = PR /
( . ) ;(i+1)(2i+1)!z : / Glz)dF(z / G@)F' (@

(e —1)"

()"

rcotx

Stieltjes Integration

If G is continuous in the interval [a,b] and F' is nondecreasing then

/b G(z)dF(z)

Cramer’s Rule

If we have equations:
11T + a1 9T + -+ 01 p Ty = by

a21%1 +a22T2 + + + Q2 nTp = b2

An1T1 + Qn T2+ + ApnTn = by

Let A = (a;,;) and B be the column matrix (b;). Then
there is a unique solution iff det A # 0. Let A; be A
with column ¢ replaced by B. Then
 det A;
T et A

Fibonacci Numbers

00 47 18 76 29 93 85 34 61 52
86 11 57 28 70 39 94 45 02 63
95 80 22 67 38 71 49 56 13 04
59 96 81 33 07 48 72 60 24 15
73 69 90 82 44 17 58 01 35 26 F;
68 74 09 91 83 55 27 12 46 30
37 08 75 19 92 84 66 23 50 41
14 25 36 40 51 62 03 77 88 99
21 32 43 54 65 06 10 89 97 78
42 53 64 05 16 20 31 98 79 87

1,1,2,3,5,8,13,21,34, 55,89, ...

Definitions:

=Fa+F-,, FR=FKh=1,
Fi=(-1)""'F,
F1=%(¢i7$i)a

Cassini’s identity: for ¢ > 0:
FipFioy — F = (-1)"

Improvement makes strait roads, but the crooked
roads without Improvement, are roads of Genius.
— William Blake (The Marriage of Heaven and Hell)

Additive rule:
Fn+k = Fan+1 + Fp—1Fy,

The Fibonacci number system:
Every integer n has a unique
representation Fop = FpFyy1 + FoiFy.
n=Fy +Fpy + -+ Fy,, Calculation by matrices:
where k; > ki+1 + 2 for all i, Fo_» F,_1 0 1\"
1<i<m and k,, > 2. (Fn1 Fn>:<1 1)




